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Abstract

In this paper, we introduce the concept of pseudo-continuous semicopula. We show its relationship with continuity
in the second variable and provide a characterization of all semicopulas S such that the smallest semicopula-based
universal integral is S-homogeneous. This completely solves Open problem 2.29 proposed by J. Borzova-Molnarova et
al. in the paper [2].
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1 Introduction

It is well known that in general, Sugeno integral is not linear and in particular it is linear only for small classes of
measures [6]. However, in [0] J. Borzovd-Molndrova et al. proved that Sugeno integral with respect to a maxitive
measure is idempotent linear from Theorem 2.26 in [2]. Furthermore, they also presented a characterization of two
semicopula-based integrals as follows:

Proposition 2.24 in [?] says that the smallest semicopula-based universal integral with respect to S is II-homogeneous
if and only if S = 1II.

Proposition 2.25 in [?] states that the smallest semicopula-based universal integral with respect to S is M-homogeneous
if and only if S = M.

These results motivated the authors to formulate Open problem 2.29 and they also conjectured that the class of
semicopulas solving the open problem will only contain two semicopulas M and TII.

Next, in [I] M. Boczek and M. Kaluszka showed that this conjecture is false, that is, any associative semicopula
with continuous selections which satisfy some mild conditions satisfies Open problem 2.29. Inspired by the above,
we study another approach which explicitly specifies all solutions of the problem. This approach is based on a new
concept which is called ” pseudo-continuity” of a semicopula. From the above with the obtained result of Theorem 2.1
in [@], we incidentally discovered one more interesting result, which is the equivalence between the two concepts the
pseudo-continuity and continuity in the second variable of a semicopula S that seem to be completely different from
each other. By applying this equivalence we deduce another characterization of a semicopula S satisfying Open problem
2.29 in [?]. This characterization is an improvement of Theorem 2.1 and 2.2 in [f].

The layout of our work is organized as follows: In Section B, we recall the background of the smallest
semicopula-based universal integral and the related results leading to the open problem we solve. In Section B, a new
approach solving the problem is presented. Finally, a conclusion and the appendix are given in Section @ and B.
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2 Preliminaries

In this section, we recall some necessary concepts and present several results of the smallest semicopula-based universal
integral leading to Open problem 2.29 in [7].
Let (X, Y) be a measurable space, where X is a o-algebra of subsets of a nonempty set X.

Definition 2.1. [0] Let p : ¥ — [0,00] be a non-negative, extended real-valued set function. We say that u is a
monotone measure if it satisfies

(1) 1 (0) = 0;
(2) A,Be X and A C B imply u(A) < p(B) (monotonicity).
Then the triplet (X, %, u) is called a monotone measure space.

For f: X — [0,00], we denote by f, = {z € X| f(z) > a} the a-level set of f for a > 0.

Definition 2.2. [d] Let . denote the class of all measurable spaces (X,X).
1) We denote by ﬁ([())(’aé) the set of all ¥-measurable functions f : X — [0, a] for some a € (0,00]. In the case a = oo,
we denote by F(x 5y = f([gfg]).
2) For each b € (0,00), we denote by ///(bX@) the set of all monotone measures satisfying p(X) = b.
Definition 2.3. A binary operation S : [0,1] x [0,1] — [0, 1] is a semicopula if it satisfies
1. S is nondecreasing, i.e., S (a,b) < S(c,d) for all a,b,c,d € [0,1] with a < ¢ and b < d.
2. S(1,z) =S(z,1) =z for all x € [0,1].
Moreover, we say that a semicopula S is associative if S (S (z,y),z) =S (x,S (y, 2)) for all x,y,z € [0,1].

Example 2.4. The following operations are semicopulas:

H(l’,y) =Ty,
W(z,y)=(x+y—1) VO,

x ANy, ifxvy=1,
D (z,y) = :

0, otherwise,

(s =1 (s = 1)
s—1

Fs (x,y) = log, (1 + ) , where s € (0,00)/{1},

x ANy, ifx+y>1,

FP (z,y) {

0, otherwise,
0 ife=y=0
A z, _ ) )
1@ y) {Hm'y — otherwise,
y—zy
1‘ .
AQ (1‘7 y) = Y

2—-(@t+y—z-y)
Ag(z,y) =z-y-(xVy).
Remark 2.5. Let S be a semicopula. Then the following assertions hold:
1. S(z,y) <z Ay for all z,y € ]0,1].
2. S(x,0) =S(0,2) =0 for all x € [0,1].
3. If S(x,x) = for all z € (0,1) then S = M.
All the semicopulas from Example are associative except As.

Throughout this paper, the main object of our interest is the class of the smallest semicopula-based universal
integrals with respect to a semicopula S given by:

Is (n, f) = 331;5 (a1 (fa))
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where (X,%) € % and (m, f) € ///(1)(’2) X F(x,5)-

Note that:
e This integral is also called a S-semicopula integral or a seminormed fuzzy integral (see in [B, [, ])
e In particular, for S = M we recover the original definition of the Sugeno integral (see in [§]). = II the integral

Irr is the Shilkret integral (see in [i]).
e Also, for some A € ¥ we get

Isa (i, f) :=Is (i, f - xa) = ggps (1 ((f - xa)a)) = ggpS (v, (AN fa))-

The smallest semicopula-based universal integral can be represented in another form as follows:

Theorem 2.6. (Representation theorem in [2]) Let S be a semicopula. Then for all (X,X) € % and (m,f) €

//l(X ) X J([g(lé) we have

Is o f) = swp S (inf £ () ().
p#Acy \z€A

Definition 2.7. Let S be a semicopula and ® : [0,1] x [0,1] — [0,1] be a binary operation. We say that the smallest

semicopula-based universal integral with respect to S is @-homogeneous if it satisfies Is (u, k @ f) = k®Is (u, f) for any

constant k € [0,1],(X,X) € & and (u, f) € ///XE) X 9};1%)
For the homogeneity, we obtain the characterizations of two semicopulas II and M given by:

Proposition 2.8. (Proposition 2.24 in [2]) The smallest semicopula-based universal integral with respect to S is 11-
homogeneous if and only if S = II.

Proposition 2.9. (Proposition 2.25 in [2]) The smallest semicopula-based universal integral with respect to S is M-
homogeneous if and only if S =M

From the result of Proposition 28 and PX9 the authors in [?] proposed the following Open problem:
”Characterize the class of semicopulas S for which the property Is (u,S («, f)) = S(«,Is (i, f)) holds for all o €

[0?1]?(X72)€yand (/L,f) %XE)XQ[OI] ”

(X,2)°
There was a conjecture that semicopulas II and M are the only solutions of the open problem. However, in the
paper [0], M. Boczek and M. Kaluszka pointed out a necessary condition for a solution of this open problem given by

the following theorem:

Theorem 2.10. (Theorem 2.1 in [1]) If a semicopula S satisfies the open problem then the semicopula S is associative
and continuous in the second variable.

Furthermore, they also stated a sufficient condition for a solution of the open problem.

Theorem 2.11. (Theorem 2.2 in [0]) If a semicopula S is associative and continuous in the second variable and
x +— S (a,x) is increasing on some countable number of intervals for every a € (0,1) then S satisfies the open problem.

Motivated by the above results, we introduce another approach to solve the open problem without using Theorem
10 and PO which is presented in Section B.

3 Another approach for solving the open problem

To present a full characterization of semicopulas solving the open problem, first of all, we need to introduce some new
concepts and related results.

Definition 3.1. We say that a semicopula S is continuous in the second variable if the function [0,1] 3 x — S (a,x) is
continuous for every fized a € [0,1].

Analogous definitions for the left and right continuity in the second variable is omitted.

Remark 3.2. [t is easy to see that the class of all semicopulas which are continuous in the second variable is very
broad. It includes the following semicopulas: M, TI, W, F, Ay, Ag, Aj.



176 T. N. Luan, D. H. Hoang, T. M. Thuyet

Definition 3.3. We say that a semicopula S is pseudo-continuous if it has the following properties

1) 116125 (k,f(z)) =S <k‘, iggf (x)) forallk €]0,1],(X,X)e S, AcX and f € 35([2(’71;).

2) sup S <k,S <mir61£f(x),p(A))> =5 (k,zg{s (mgf@),ﬂA)) }) for all k € [0,1], (X,%) € .7 and (u, f) €

AeX €
0,1]
My 5y X F (X5

First, we study the following two negative examples.
Example 3.4. Semicopula FP is not pseudo-continuous. Indeed, by taking X = [0,1], f(x) = x for every x € X,
k=1 S=P(X)and A= (k,1]. It is easy to see that

. . 1
inf FP(k, f (2)) = nf {kA f(2)} =k = 3,
and -
FP ( k, inf =FP(k,k)=FP(=,=)=0.
(vt £ @)) = PP (i) =7 (5.5
So, the property 1 of Definition B3 doesn’t hold. This means that FP is not pseudo-continuous.

Example 3.5. Semicopula D is not pseudo-continuous. Indeed, take X = [0,1), f(x) =z for every x € X, k € (0,1)
and ¥ = P(X). Put: pn: X — Ry defined by u(E) =1 for all E € X\ {0} and u (@) = 0. Then u is a monotone

measure on (X,3) and D (ingf (), p (A)) = iggf (x) <1 for any A € ¥\ {0}. This implies that
1
sup D [ inf f(z),u(A) ) =ZsupD | inf f(x),1) =sup inf f(x)=supql——; =1,
sup© (iut £ (0),(4)) 2 supD (Linf 7 (0),1) = sup inf 7 2) = sup {1~ 1}
where A, = [1 — %, 1). We deduce that
D <k:, sup D (inf f(x) 7/4(14))) =D (k,1) =k.
AEx €A

On the other hand,
sup D (k7 D (éggf (x) ,,u(A))) = sup D (k,;relijf (x)) =0.

Aex P£AES

So, the property 2 of Definition B3 doesn’t hold. This means that D is not pseudo-continuous.

Now we present a full solution of the open problem by another approach without using the results of Theorem 2710
and 27T

Theorem 3.6. Let S be a semicopula. Then the following conditions are equivalent:
1. The property: Is(u,S (e, f)) = S(a,Is (i, f)) holds for every a € [0,1], every (X,X) € ¥ and every (u, f) €
%1 Xy[071] .
(X,%) (X,2)’
2. S is associative and pseudo-continuous.

Proof. 2 = 1: By applying Theorem I8 for Is and Definition B33, one has

15 05 (1) = sw S (int (S @)on() = s (s (kinf £ o)) ()

P£Aes \T€A PAAES

- s (ks (1t £ ) () ) =5 (k,@;ilézs (ut, ). (A)))
=S (k,Is (1, f)).

1 = 2: There are three steps:
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Step 1. Associativity of S: Consider any k,a,b € [0,1], u be the Lebesgue measure and f (x) = a - xjo, () for
x € X =10,1]. Then

Is (1. f) = sup S(u(fa))V sup S(avp(fa)) = sup S(ad)=S(a,b).

0<a<a a<agl 0<a<ga

On the other hand, we have

Is (11, S (k, f)) =Ts (1, S (k,a- xp0,8))) =1s (1, S (k,a) - xpop) =S (S (K, a),b).

Since S is a solution of the open problem, it follows that S (S (k,a),b) =S (k,S (a,b)). So, S is associative.
Step 2. The property 1 of Definition B3: For any (X,X) € #, A€ X, put: ma (E)=0if E2 Aand ma (E) =1

if D Afor any E € ¥. Then m is a monotone measure on (X,). Therefore, for any k € [0,1] and f € ﬁ([g(’lé) it

follows from the assumption that

Is (ma,S(k,g)) =S (k,Is (ma,g)), where g = f - xa.

By applying Theorem P8, we get that

Is A (ma, f) =Is(ma,g) = sup S <iﬂf g(w),ma (E))
0£Ecy \ZE€E

= sup S(in%f(m)-XA(m)J) = inf f ().

ACEex. \®€ z€A
On the other hand, from S (k, g (z)) =S (k, f (z)) - xa (z) and applying the above result it follows that
Is (ma,S (k,)) = inf S (k. f (2)).
So,
int S (5. f () =5 (k. iut £ ).

Step 3. The property 2 of Definition B33: For all k € [0,1], (X,%) € . and (u, f) € ///(IX 5) X f([gé%), by applying
the obtained results of steps 1, 2 and Representation theorem, we get that

Is (1, (k. f) = sup S (mgs<k,f<x>>,u<A>>

PAAES z€
zléI;S (S <k,gr€1f4f(w)> ,M(A))
:1;1;5 (k’,S (zllelgf(l‘) ,u(A))) .

On the other hand, it follows from the assumption and Representation theorem that

Ts 05 (1) = S (6 Ts (0. 0) = (s s (1t 7 0) () ).

By comparing the above results, we deduce that the property 2 of Definition BZ3 holds. The proof of Theorem B@ is
completed. O

A surprising and interesting result is given by the following theorem.

Theorem 3.7. Let S be a semicopula. Then
S is pseudo-continuous if and only if S is continuous in the second variable.

Proof. The proof is given in the appendix. O



178 T. N. Luan, D. H. Hoang, T. M. Thuyet

Remark 3.8. 1) From Remark 2, 3, Theorem B@ and -1, we can conclude that the semicopulas M, TI, W, Fy, Ay,
Aq are solutions of the open problem.

2) From Remark 2, Example B4, B and Theorem ED, we can conclude that the semicopulas D, FP and Az are not
solutions of the open problem.

Example 3.9. Let X = [0,1], ¥ =P (X) and p : ¥ — Ry defined by p(E) =1 if E # 0 and p(0) = 0. Consider
k€ (0,1) and f () =z on X. Then

(D(k,f)(x))=D(k, f(x)) =0 forall z € X,

and

Ip (1, f) = sup D(a,pu(fa)) = sup a=1.
a€e(0,1] a€e(0,1]

These imply that
Ip (1, D (k, f)) =0 and D(kIp (p, f)) =k >0

showing that Ip is not D-homogeneous, i.e, D is not a solution of the open problem.

Example 3.10. Consider X = [0,1] and X be the Lebesgue measure on B (X). For the function f(x) =z on X, we
have Iw (A, f) = 0, therefore, W (k,Iw (A, f)) = 0 for every k € [0,1]. On the other hand, it is not difficult to check
that (W (k, f)), = [1+ o —k,1] for every o € (0,1]. This implies that X (W (k, f)),) = k — a. This gives

Iw (AW (k, f)) = sup W(a,k—a)= sup {(k—1)Vv0}=0.
0<a<k 0<a<k

This result is fully compatible with the assertion of Remark B3. Therefore, there is some confusion in Example 2.28
presented in the paper [D].

From Theorems B@ and B4, we obtain the following result which improves the results of Theorems E10 and 2.

Theorem 3.11. A semicopula is a solution of the open problem if and only if it is associative and continuous in the
second variable.
4 Conclusion

Another approach finding out all solutions of the open problem without using Theorem P10 and P11 is proposed.
Further, a full characterization of semicopulas S satisfying the property Is (u,S(«, f)) = S(a,Is (i, f)) for every

a€[0,1], (X,¥) € & and (i, f) € ,///(1)(72) X ﬂ([g(’%) is stated in Theorem BT. This result refines Theorem 10 and

211, Finally, we have studied an extremely interesting property that is the equivalence between the pseudo-continuity
and the continuity in the second variable of a semicopula S.

5 Appendix

This section is devoted to proving Theorem B7. First of all, we need the following auxiliary results.

Lemma 5.1. Let S be a semicopula. Then
S is right-continuous in the second variable if and only if

inf S (k, f ()) =S (k:, inf f (x)) :

for all k € [0,1], for all nonempty set A and f: A — [0,1].

Proof. 1) The forward part: It follows from monotonicity of S that

S (k. inf 7 () < inf S (. f ().

On the other hand, for every € > 0 there exists x. € A such that

s (. (inf, £ 0) +2) S (5. (22) > inf S (k£ ().
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By applying the right continuity of S in the second variable, we get that

s (k inf f <x>> > inf S (k. f ().

Therefore, the proof of the forward part is finished.
2) The reserve part: For any b € [0,1] fixed. Consider a nonincreasing sequence {b,} C [0, 1] such that b, \, b, put

f:A=][0,1] — [0,1] defined by f (x) =b, if z € {n+1,n> forn € N, and f(x) =1if 2 € {0,1}. Then
érellqu (x) = b and ;Ielgs (k, f (z)) = nlLrI;OS (k,by) for each k € [0,1].
In view of the assumption of the reverse part, we get

lim S (k,by) =S (k,b).

n—r oo

The proof is finished. O

Lemma 5.2. Let S be a semicopula. Then S is left-continuous in the second variable if and only if

sup (6. £ (0) =S (ksup £ ).

T€EA €A
for all k € [0,1], for all nonempty set A and f : A — [0,1].
Proof. The proof of Lemma B2 is a dual of Lemma BTl. Therefore, it is omitted here. O

Lemma 5.3. Let S be a semicopula. Then
S is left-continuous in the second variable if and only if S satisfies the property 2 of Definition E3.

Proof. 1) The forward part: It is a dual of the forward part in Lemma B. So, it is omitted here.
2) The reverse part: For any nonempty set A and k € [0, 1] fixed. Consider o-algebra ¥ =P (A), p: ¥ — [0, 1] defined
by p(E)=1if E€P(A)\ {0} and p(F) =0if E = 0. In view of the property 2 of Definition B3, one has

0.
e, (1 (1 0.m0)) =5 (i s {5 (150000 ).

sup S (k:,;g%f(m)) =S (kj, sup inf f(x )) (1)

This implies that

0£ECA P£ECATEE
Now, we claim that
sup inf f (E) = sup f (z), (2)
0£ECA €A
and
sup S (k,inf f (E)) = supS (k, f (x)) . (3)
0£LECA €A

Indeed, it is obvious that

sup f (x) = supinf f ({z}) < sup inf f(E).
z€A z€A 0AECA

On the other hand, there exists xg € E such that
inf f (B) < f (v5) < sup f (2).
€A

Therefore,
sup inf f (E) < sup f(x).
0#£ECA z€EA

So, the claim (B) holds. Next, by the same technique, the claim (B) holds, too. Combining the results (0l)-(8), we obtain
that

supS (b £ (1) =5 (sup ().

T€EA TEA
for all k € [0, 1], for all nonempty set A and f: A — [0, 1].
By applying Lemma B2, we conclude that S is left-continuous in the second variable.
The proof is finished. O



180 T. N. Luan, D. H. Hoang, T. M. Thuyet

Now, we come back to proving Theorem BZ0. The conclusion of Theorem B immediately follows from Definition
B3 and applying Lemmas B and B3.
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